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Abstract. We present the public version of hi_class (www.hiclass-code.net), an extension of the
Boltzmann code CLASS to a broad ensemble of modifications to general relativity. In particular, hi_class
can calculate predictions for models based on Horndeski’s theory, which is the most general scalar-tensor
theory described by second-order equations of motion and encompasses any perfect-fluid dark energy, quint-
essence, Brans-Dicke, f(R) and covariant Galileon models. hi_class has been thoroughly tested and can
be readily used to understand the impact of alternative theories of gravity on linear structure formation as
well as for cosmological parameter extraction.
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1 Introduction
Numerical codes solving the Boltzmann equation in the presence of gravity have played a hugely important
role in the development of modern cosmology. They are the theoretical and computational backbone for
model building and precision constraints of cosmological parameters. The primary focus has been on stand-
ard cosmology – general relativity with a cosmological constant – where the modern era of fast, publicly
available codes, began with CMBFAST [1] and was subsequently improved and extended with the Code for
Anisotropies in the Microwave Background (CAMB) [2] and the Cosmic Linear Anisotropy Solving System
(CLASS) [3]. These codes allow us to describe with percent-level precision the evolution of superhorizon
initial conditions, through to the large-scale formation of structure and the propagation of photons. The
output of these codes – a set of spatial and angular power spectra as a function of time – can be used to
either constrain cosmological parameters directly [4] or to generate the initial conditions for simulations of
more detailed and smaller-scale physics [5].
In this article, we present hi_class: Horndeski in CLASS, a publicly available extension of the CLASS
Boltzmann-solver code which allows the user to consistently model the presence of an additional degree of
freedom in the gravitational/dark-energy sector throughout the history of the universe, properly accounting
for its effect on gravitational fields and matter and consistently connecting the early universe to the ob-
servables in these models. This code can then be used in the standard Monte Carlo Markov Chain module
MontePython [6] to obtain constraints on parameters of the modifications of cosmology as well as to ascer-
tain the degradation of the constraints on standard precision parameters resulting from our ignorance of the
underlying theory for the dark sector.
The hi_class code has already been used to estimate non-linear effects such as the shift of the baryon
acoustic scale [7], get constraints on scalar-tensor theories, using recent data [8], investigate relativistic effects
on ultra-large scales and cross-correlations between the cosmic microwave background (CMB) and large-scale
structure (LSS) [9].
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In this first release of the code, we implement the necessary changes to allow for the modelling of the
dynamics of all models of dark energy which belong to the class of Horndeski theories. These theories are
the most general models of gravity extended by a single scalar degree of freedom featuring no more than
second-order equations of motion and universally coupled to matter. This class is extremely wide and covers
the substantial majority of models on the market, including f(R) and f(G) gravities, quintessence, perfect-
fluid dark energy, Galileons, as well as many more exotic modifications. hi_class is under continuous
development: features both extending the default choice of models and simplifying for the end-user the
introduction of new ones are already in advanced stages of development and will be made public in due
course.
The aim of this article is to present an overview of the modifications of gravity supported in hi_class
and the way this support is implemented. Updated and more detailed information can be found on the website
www.hiclass-code.net and the GitHub repository https://github.com/miguelzuma/hi_class_public.
We start with a short review of Horndeski theories and the formulation we use to describe perturbations in
Section 2. We then describe the modifications that have been introduced in CLASS and explain how to use
all the features of the code in Section 3. The use of the public version of hi_class is free to the scientific
community but conditional on the inclusion of references to at least this article and the CLASS paper [3].
2 Horndeski’s theory
hi_class is a modification of the CLASS code which fully calculates the evolution of linear cosmological
perturbations in dark energy/modified gravity (DE/MG) models belonging to the Horndeski class of theories.
In these theories the gravitational sector contains one tensor and one scalar degree of freedom; their action
was first written down in ref. [10], and then rediscovered as a generalisation of galileons [11] in ref. [12, 13].
Horndeski theories are specified through the action1
S[gµν , φ] =
ˆ
d4x
√−g
[ 5∑
i=2
1
8piGN
Li[gµν , φ] + Lm[gµν , ψM ]
]
, (2.1)
L2 = G2(φ, X) , (2.2)
L3 = −G3(φ, X)φ , (2.3)
L4 = G4(φ, X)R+G4X(φ, X)
[
(φ)2 − φ;µνφ;µν
]
, (2.4)
L5 = G5(φ, X)Gµνφ;µν − 16G5X(φ, X)
[
(φ)3 + 2φ;µνφ;ναφ;αµ − 3φ;µνφ;µνφ
]
, (2.5)
where the four Lagrangians Li encode the dynamics of the Jordan-frame metric gµν and the scalar field
φ. They contain four arbitrary functions Gi(φ,X) of the scalar field and its canonical kinetic term, 2X ≡
−∂µφ∂µφ; we use subscripts φ,X to denote partial derivatives, e.g. GiX = ∂Gi∂X . This scalar field is a new
degree of freedom when compared to general relativity and our implementation chooses appropriate initial
conditions and then fully tracks its dynamical evolution. We restrict our code to scenarios where the weak
equivalence principle holds, i.e. the matter, described by the Lagrangian Lm, is universally coupled to the
metric gµν and does not have direct couplings with the scalar.2
This general class of actions includes the majority of universally coupled models of dark energy with
one scalar degree of freedom (see the review [15]): quintessence [16, 17], Brans-Dicke models [18], k-essence
1Note that we have changed the normalisation of the functions Gi with respect to the usual convention by factoring out
Newton’s constant as measured on Earth today, GN, and therefore reducing the mass dimension of the Gi by two. Since
the Planck mass can vary in Horndeski models, see the discussion in section 2.1 for how we resolve the ambiguities. In our
convention GR is G4 = 1/2 and the rest zero.
2Modified gravity models may violate the equivalence principle via non-linear interactions [14]. However, these effects beyond
the current scope of the hi_class code, which is based on linear perturbation theory.
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[19, 20], kinetic gravity braiding [21–23], covariant galileons [11, 24], disformal and Dirac-Born-Infeld gravity
[25–27], Chameleons [28, 29], symmetrons [30, 31], Gauss-Bonnet couplings [32] and models screening the
cosmological constant [33, 34]. Archetypal modified-gravity models such as f(R) [35] and f(G) [36] gravity
are within our purview.
We do not, at this time, include scalar-tensor extensions beyond Horndeski. These models always
contain higher derivatives in the equations of motion, even though they cancel once all the constraints are
solved, leaving second-order equations for the propagating degrees of freedom [37, 38] (see also [39–42]).
Horndeski models can be extended even further to those which contain higher derivatives in space but not in
time [43–46]. Modifications of gravity with non-scalar degrees of freedom, e.g. Einstein-Aether models [47]
or ghost-free massive gravity [48–50] are not included either.
2.1 Background Evolution
The expansion rate of the universe H is determined by the energy density ρi of all the components of the
universe in the standard manner,
H2 =
∑
i
ρi , (2.6)
where we are using the CLASS normalisation for the components of the energy-momentum tensor of
3ρCLASS ≡ 8piGNρstandard, and GN is fixed to be Newton’s constant as measured on Earth today. This sets
the internal units for all dimensionful quantities in the code to Mpc−1. In addition notice that hi_class and
CLASS, and therefore this note, represents by H the physical-time Hubble parameter, but the time variable
is nonetheless conformal time τ , with its associated ′ notation for the derivative. Thus a′ = a2H.
The evolution of the energy density for the Horndeski scalar field is determined by the energy density
and pressure (rescaled by 8piGN/3), which are obtained from the action ((2.1)) through [51]
ρDE ≡− 13G2 +
2
3X (G2X −G3φ)−
2H3φ′X
3a (7G5X + 4XG5XX) (2.7)
+H2
[
1− (1− αB)M2∗ − 4X (G4X −G5φ)− 4X2 (2G4XX −G5φX)
]
pDE ≡13G2 −
2
3X (G3φ − 2G4φφ) +
4Hφ′
3a (G4φ − 2XG4φX +XG5φφ)−
(φ′′ − aHφ′)
3φ′a HM
2
∗αB (2.8)
− 43H
2X2G5φX −
(
H2 + 2H
′
3a
)(
1−M2∗
)
+ 2H
3φ′XG5X
3a ,
where a is the scale factor of the Universe which appears as a result of the choice of definition of H. Note
the presence of terms ∝ H2, H3 stemming from the non-minimal coupling to the curvature in the action.
The above expressions have been simplified by introducing M2∗ , defined below, and αB, defined in appendix
A.3.
Cosmological backgrounds in Horndeski theories admit a time-evolving effective Planck mass, defined
as the normalisation of the kinetic terms of the graviton. Horndeski models thus implicitly contain a free
dimensionless function M2∗ (τ) — which we call the cosmological strength of gravity — which represents the
square of the ratio of the cosmological Planck mass to the Earth-bound one and which is determined from
the action through
M2∗ ≡ 2
(
G4 − 2XG4X +XG5φ − Hφ
′
a
XG5X
)
. (2.9)
There are two subtleties which impact today’s value of M2∗ :
• The measurement of GN using Cavendish-like experiments in the context of a Horndeski gravity in
fact measures the sum of the gravitational and the fifth forces and thus not quite the local value of
the Planck mass. However, as the Solar-System constraints on the β and γ PPN parameters are of the
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order 1 part in 105 [52], the difference between GN and the underlying M−2Pl is negligibly small for the
purposes of cosmological constraints and we neglect it.
• The non-linear screening of gravitational interactions (e.g. the chameleon [28] or Vainshtein [53] mech-
anisms) changes the strength of gravity between cosmological scales and the Solar System (it essentially
is a change to the background solution, i.e. the local value of φ and φ′ compared to these values in
cosmology today). Thus Cavendish-like experiments determine MPl locally but this is not necessarily
its value at cosmological scales today. Thus if there is a screening mechanism active, the cosmological
strength of gravity today, M2∗,0, is a free parameter to be constrained by observations. If no screening
is active for the Solar System,M2∗,0 = 1 up to the correction in the first bullet point and the initial con-
ditions for M2∗ should be set in such a way so as to achieve this. Note though that in the no-screening
case, PPN constraints can be directly applied to cosmological scales and imply that the properties of
gravity are very similar to GR, presumably preventing any significant modifications to cosmological
observables.
We emphasise that the cosmological evolution does not actually depend on Solar-System measurements, but
rather GN sets the units necessary to convert the measurement of the dimensionful CMB temperature to an
effect on space-time curvature that the radiation produces and thus the meaning that we ascribe to the Mpc
distance unit and all dimensionful quantities in cosmological observations.
As a result of the evolving Planck mass, there also exists an ambiguity in the definition of the energy-
momentum tensor. The particular choice of variables made here in eqs. (2.7-2.8) allows us to write down
the conservation equation for the DE energy density and the equation of state in the standard manner
ρ′DE = −3aH (ρDE + pDE) , (2.10)
wDE ≡ pDE
ρDE
.
This choice also implies that the density of e.g. pressureless matter scales as in the standard case, ρm ∝ a−3,
despite the evolving masses. This matches the implicit assumption in all published observational constraints
on wDE. Note though that the equation of state wDE would not necessarily be the ratio of pressure and energy
density as measured by a comoving observer in the past if they had the means to probe the instantaneous
energy density and pressure (see the discussion in Appendix A.1).
The flexibility of choosing arbitrary functions Gi(φ,X) and initial conditions for the scalar field means
that essentially any choice of the function wDE(τ) can be made. It is only the choice of the history of ρDE(τ)
(equivalently wDE(τ) and the density today ρDE,0) that impacts the evolution of the background and thus
specifying these is enough to describe all possible cosmological backgrounds. The only theoretical constraint
is that such a background does not suffer from instabilities. We discuss this issue in Section 2.3.
Specifying the evolution of the background does not, however, determine the evolution of perturbations.
Implementing the evolution of perturbations properly was our aim in writing hi_class, since it is discrim-
inating between the various perturbation evolutions possible on the same observed background that allows
us to differentiate between the models of modified gravity.
2.2 Description of Perturbation Dynamics
The primary focus of Einstein-Boltzman solvers is linear cosmological perturbations on a homogeneous and
isotropic background. The evolution equations that completely describe the dynamics of the perturbed fields
can be obtained from the linearized field equations arising from the action in Equation (2.1). An alternative,
and enlightening, approach is to expand the action in Equation (2.1) to second order in linear perturbations
of gαβ , φ and the remaining matter fields. The action for perturbations consists of a sum of terms, quadratic
in the perturbation fields, each of which is multiplied by a time dependent function which solely depends on
the background cosmology. One can choose a basis for these time dependent coefficients and a particularly
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useful one was given in [54], since they relate most directly to the physical observables and to the propagating
degrees of freedom in the Horndeski models. Once the background H(τ) is specified through Eq. (2.6), the
complete set of possible modifications of Einstein’s equations describing the evolution of linear perturbations
in Horndeski theories is determined by four functions of time: the dimensionless cosmological strength of
gravity M2∗ (τ) and three αi(τ). In this document we will refer to these four functions collectively as “α
functions”. The definitions of the α functions in terms of the action are given in Appendix A.3.
Working with the quadratic action arising from Equation 2.1 also allows us to connect with the approach
of Effective Field Theory of Dark Energy (EFT) [55–57]. There the idea is to encode all the possible
modifications of Einstein equations consistent with the symmetries of the cosmological background and
gauge freedom in terms of coefficients which are functions of time only, and which multiply fixed operators
which carry the information on scale dependence. In the EFT approach, a choice of basis for the operators
must also be made (see ref. [54] for a translation of the EFT of DE operators into the α function basis).
hi_class solves the equations for the tensor (A.13) and scalar modes (A.14-A.18) of the modified
gravitational sector, together with the Boltzmann hierarchy for the standard matter components, to give the
full predictions for linear large-scale structure. The four functions describing the modification of gravity can
be divided into two pairs: the first related to both the scalar and the tensor modes, the second only to the
scalar. We refer the reader to ref. [54] for details of the physical impact of these parameters.
1. Non-minimal coupling of gravity. These functions modify both the scalar and the tensor propagation:
(a) M2∗ (τ), the cosmological strength of gravity. M2∗ is the dimensionless product of the normalisation
of the kinetic term for gravitons and 8piGN as measured on Earth. It thus encodes the difference
between the solar system and cosmology in the gravitational force/space-time curvature produced
by a fixed amount of energy . Large-scale structure is sensitive only to the time variation of the
Planck mass,
αM ≡ d lnM
2
∗
d ln a , (2.11)
or the Planck-mass run rate. However, as a result of screening, it is possible that Newton’s
constant as measured by local experiments, GN, and that on cosmological scales are different.
Thus only if screening in the Solar System is active, the value today of M2∗,0 is free and largely
unconstrained. If the Solar-System is unscreened, M2∗,0 = 1. Also note that Planck observations
of the recombination history imply that the value of the Planck mass at recombination cannot
differ from that measured in the Solar System by more than 1% [4]. We give users the choice to
employ as the principal parameterisation: either M2∗ (τ), or αM(τ) together with the initial value
of M2∗ .
(b) αT(τ), tensor speed excess. This parameter denotes the difference in the propagation speed of
gravitational waves compared to the speed of light, i.e. αT = c2T−1. It applies to modes propagat-
ing on cosmological scales and is currently the most weakly constrained parameter from physics
other than cosmology (see ref. [58] and references therein).
In Horndeski theories one expects screening of high-density environments like the Earth or the
location of a system that could produce gravitational waves (GWs) and thus no modification in
the production or detection of GWs is likely [59, 60] (although see ref. [61]). The GW dispersion
relation is only modified by the change in the sound speed and thus one would not expect any
frequency-dependent modifications of the propagation speed. An observation of an indisputable
electromagnetic counterpart to a gravitational wave event at cosmological distances would put
a constraint on this parameter tight enough to render the remaining uncertainty irrelevant for
structure formation [62, 63].
Note that either αM or αT must not vanish in order for gravitational slip to be generated [64] (e.g. modi-
fying the spatial-traceless metric equation A.17). In such a case, the equation of motion for the
propagation of gravitational waves (A.13) is also modified.
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2. Kinetic terms. The scalar mode is also affected by the following two functions:
(a) αB(τ), braiding. This operator gives rise to a new mixing of the scalar field and metric kinetic terms
for the propagating degree of freedom [65]. This leads to a modification of the coupling of matter
to the curvature, independent and additional to any change in the Planck mass. This is typically
interpreted as an additional fifth force between massive particles and can be approximated as
a modification of the effective Newton’s constant for perturbations. It is present in archetypal
modified gravity models such as Brans-Dicke and f(R) gravity (see [54] for details). A purely
conformal coupling of the scalar to gravity leads to the universal property αM + αB = 0.
(b) αK(τ), kineticity. Coefficient of the kinetic term for the scalar d.o.f. before demixing (see ref. [54]).
Increasing this function leads to a relative increase of the kinetic terms compared to the gradient
terms and thus a lower sound speed for the scalar field. This creates a sound horizon smaller
than the cosmological horizon: super-sound-horizon the scalar does not have pressure support and
clusters similarly to dust. Inside, it is arrested and eventually can enter a quasi-static configuration
[66]. When looking only at the quasi-static scales, inside the sound horizon, this function cannot
be constrained [67].3 This is the only term present in the simplest DE models, e.g. quintessence
and in perfect-fluid dark energy.
Note that the quantity D ≡ αK + 32α2B has to be strictly positive at all times to avoid strong coupling
problems or ghosts. This comes from the fact that D represents the demixed kinetic term of the
additional scalar degree of freedom. Moreover D = 0 is a pressure singularity and cannot be crossed in
background dynamics, even though this might seem possible at the level of parameterised perturbations
(see e.g. ref. [69] for example phase-space trajectories in cosmology).
The Horndeski class of theories together with the freedom to choose initial conditions is large enough to
guarantee that there exists some action that would result in any choice of equation of energy density of dark
energy ρDE(τ) and an arbitrary choice of the α functions, apart from the exception mentioned above. Such
an arbitrary choice may be unstable and/or fine tuned and might thus not be a good solution in practice.
Conversely, the only information relevant for linear Boltzmann codes that a particular model based on a
full covariant action provides is exactly contained in this evolution history of the energy density of the dark
energy and the α functions for that model. It is enough to calculate these as functions of time to then be
able to obtain the predictions of that model at all scales with no loss of information. We can thus take two
approaches to modelling:
1. Start by choosing a full covariant classical action within the Horndeski class according to some overarch-
ing principle. Then calculate the self-consistent predictions for this particular model for the background
and the perturbations, given some initial conditions for the background scalar. This allows the user to
constrain the values of particular parameters of the model.
2. Use a specification of some evolution history for the cosmological background and the α functions as
the model, without further reference to the action. This allows the user to test whether there is any
evidence for the departure of the behaviour of growth from the concordance predictions and what sort
of physical properties of the gravity theory could be driving that growth.
Our implementation in hi_class allows us to cover both the approaches with the same code. Approach (1)
requires an additional pre-computation of the background and the α-functions as part of an initialisation
module which then feeds these quantities to the same code as (2) would use (see Figure 1). For the initial
roll-out, we are enabling the parameterised EFT approach (2) in this version of hi_class, but will be
bringing an automatised implementation beginning with a full covariant action in the full release.
3Constraints on αK can be obtained from observations on ultra-large scales [68].
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2.3 Stability Conditions
When specifying a model, it is possible to choose a set of α functions which lead to exponentially unstable
perturbations. This is all the more likely when choosing a set of αs which are completely unrelated to a
legitimate scalar field model, but can also happen for what seems like a valid background but which might
actually have a kinetic term with the wrong sign (e.g. forcing a perfect fluid to evolve with wDE < −1).
Every background supplied to hi_class is tested to make sure that no such short-timescale instabilities
are present and the background can be trusted over cosmological timescales. Only if such stability tests are
passed, are the perturbation equations solved for that set of parameters.
There are essentially three types of instabilities that would disqualify a choice of background.
• Ghost instabilities occur when the sign of the kinetic term of a degree of freedom is wrong, giving
negative energy modes and violating unitary evolution. If the mass of these ghosts is less than the
cutoff of the theory, this would lead to rapid pair production into negative-energy modes, destroying
the background.
• Gradient instabilities occur when the sound speed squared is negative. This leads to an exponentially
growing instabilities with a rate corresponding to the shortest mode allowed by the effective theory. Im-
portantly, such instabilities may not be visible until very short modes and/or higher-order (interaction)
terms are included in the evolution and thus a seemingly unsuspect evolution of linear perturbations
is not sufficient that the predictions are at all correct, necessitating the stability tests.
• Tachyon instabilities occur when the mass squared for the perturbations is negative. This leads to
a power-law instability at large scales, which comes under control when the mode enters the sound
horizon. Since this has a significant on the calculated observables, we choose to let the data exclude
such cases, rather than creating a hard stability test.
The Horndeski class of models affects the evolution of both scalars and tensors. hi_class thus performs
four tests to verify the stability of the background:
QS =
2M2∗D
(2− αB)2
> 0 , D ≡ αK + 32α
2
B > 0 (2.12)
c2s =
1
D
[
(2− αB)
(
− H
′
aH2
+ 12αB (1 + αT) + αM − αT
)
− 3 (ρm + pm)
H2M2∗
+ α
′
B
aH
]
> 0 (2.13)
QT =
M2∗
8 > 0 (2.14)
c2T =1 + αT > 0 , (2.15)
QS and QT respectively represent the kinetic terms of scalar and tensor sectors after demixing; c2s and c2T
are the sound speeds of these two degrees of freedom.
We should note that it is still possible that a background that passes the above tests, is nonetheless
not healthy as a result of some non-linear instability, for example when the null energy condition is violated
[70]. On the other hand, one may also argue that the appearance non-linear structure from the exponential
instabilities at small scales might arrest the destabilisation and save a choice of a background that does not
satisfy the stability checks. Strictly speaking, such a background would no longer be FRW and therefore
the description in terms of the α functions would no longer be complete, but it is possible that the largest
scales remain close enough to FRW to allow a description that we have implemented.4 In any case, should
such a scenario be favoured by the user, or the user would like to check which part of the parameter space is
4But this approximate background might have different effective values of the αi to the original ones we started with,
presumably ones implying stability.
– 7 –
constrained on theoretical grounds as opposed to just data on large scales, we give them the freedom to relax
or disable these checks entirely. See [71–73] for studies of the impact of stability conditions on parameterized
models.
2.4 Initial Conditions
The formulation of perturbation equations that we have implemented depends on using as the variable for
the fluctuation of the scalar field a velocity potential,
VX ≡ aδφ
φ′
. (2.16)
Its dynamics is described by the second-order differential equation (A.18), which requires two initial condi-
tions, to be solved.
The chosen initial conditions are specified superhorizon and typically evolve rapidly into the natural
attractor of the theory, at least in the case of negligible modified gravity effects at early times (for the
discussion of perfect fluid DE see [74]). Indeed, we have found that, for parameterisations enabled in this
version of hi_class, the choice of initial conditions is not material to the study of the late universe. We have
thus included a couple of simple choices to allow the user to verify the possible impact of initial conditions.
Moreover, the code includes a flexible structure to allow the user to easily incorporate other choices.
The simplest possible choice is to set both the field perturbation and its derivative to zero
VX(τ0) = 0 , V ′X(τ0) = 0 . (2.17)
In simple inflationary models the initial perturbations are given by single-clock initial conditions. In
the case of the scalar field this scenario is implemented by assuming δφ(τ, ~x) = φ (τ + δτ(τ, ~x)), i.e. it is
given by the background value of the scalar field evaluated on perturbed constant time hypersurfaces. In
terms of the field perturbation and relating δτ to the perturbation in the photon density yields
VX(τ0) = − 14H
δργ
ργ
, V ′X(τ0) = 0 . (2.18)
The detailed initial conditions for Horndeski theories will be presented with the full version of the code.
3 Description of the Code
hi_class is a forked version of the Cosmic Linear Anisotropy Solving System (CLASS), a modern Boltzmann-
Einstein code designed to compute cosmological predictions in the linear regime. CLASS has been developed
from the outset to make it intuitive and simple to modify. It consists of several modules that perform tasks
sequentially (reading parameters, computing the background, thermodynamics, perturbations, etc.; see [75]),
with each module relying on the results generated by the previous ones. A major design goal of the code
has been flexibility, so CLASS can easily incorporate non-standard cosmological models. Several extensions
of the ΛCDM concordance scenario, such as massive neutrinos, warm dark mater, curvature [76–78], but
also quintessence and perfect-fluid dark energy, have already been implemented in a manner compatible
with the CLASS principles. These, as well as the standard components (photons, baryons, dark matter)
are treated sequentially so that a block of instructions (to account for each component) is executed only if
such a component is included in the model and ignored otherwise. This allows CLASS to remain both fast,
flexible and self-consistent in the presence of many different modifications.
hi_class incorporates general Horndeski scalar-tensor modifications of gravity as yet another option
in this scheme, allowing the user to investigate with ease the theory of gravity governing the Universe.
Moreover, hi_class allows the user to investigate the new degeneracies that appear when modifications of
gravity are consistently included together with other extensions of the concordance model. hi_class can be
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Figure 1: hi_class structure. The arrows represent the flow of information between modules, while the
numbers represent the order of execution of the modules. The user has to specify a parameterisation for the
expansion and the α functions (in the full version, a model based on a full covariant action is also possible)
that is interpreted by the input module. Then the background is computed giving the Hubble rate and the α
functions. The unmodified thermodynamics module computes the thermal evolution using this background
expansion history. The code then uses these as inputs to determine the evolution of the perturbations. The
rest of the code is unmodified with respect to the public version of CLASS. hi_class can be used to output
both cosmological observables as well as details about the model and its evolution.
used with other cosmic components such as massive neutrinos, but not yet spatial curvature. Other features
of CLASS such as the option to compute relativistic corrections to observables (e.g. the CLASSgal code [79])
are also compatible [9].
By using the description of the dynamics in terms of the α functions, as laid out in section 2, we have
been able to write a common routine for all Horndeski models, leaving the user with the freedom to determine
the particular choice of model, which boils down to a description of the evolution history of the cosmological
background and the α functions, but not to concern themselves with the numerical algorithm. From the
perspective of hi_class, it is immaterial if this evolution history originates from a model based on a full
covariant action or if it is generated by assuming a parameterisation. In both cases, the code pre-computes
the appropriate quantities from the given model automatically and evolves the predictions for large-scale
structure (see Figure 1).
We describe the general algorithm used by hi_class in section 3.1, discuss the choice of models we are
releasing to the public at this juncture in section 3.2 and demonstrate the impact on observables of some
chosen modifications of gravity in the Horndeski class in section 3.3.
3.1 Implementation of Horndeski Dynamics
The code first runs the background module, solving for the background evolution. The scale factor as a
function of conformal time is obtained by integrating the Hubble rate as given by the Friedmann equation
(2.6), starting deep in the radiation era. The Hubble parameter depends on the matter components (DM,
baryons, radiation, massive neutrinos) as well as the model for the energy density of the Horndeski scalar
ρDE(τ) and its corresponding pressure pDE(τ) specified by the user.
The user can specify either a parameterization for the density and pressure, possibly with multiple
parameters (e.g. ΩDE,0, w0,wa) or by specifying a model based on an action (not currently available in
the public version). In the latter case, the energy density and pressure typically depend indirectly on
the parameters of the action through the evolution of an underlying scalar field value and also its initial
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conditions at the background level. hi_class employs CLASS’s automatic routine which iteratively solves
for the evolution, making sure that the dark energy reaches the appropriate value for its density fraction
today as required by the closure relation ∑
i
Ωi,0 = 1 . (3.1)
The user is required to specify which of the background parameters is to be varied by the code to give the
correct density fraction. Note that the degrees of freedom of the background parameterisation are always
one fewer than the number of parameters, since the constraint (3.1) must always be satisfied: e.g. in flat
ΛCDM, once the density fraction of CDM, baryons and radiation are specified, ΩΛ is a derived parameter
and there is no remaining freedom.
At this point, all background quantities — those that depend only on time (including indirectly through
other background functions), but do not depend on scale — are computed and stored in an interpolation
table for further use in subsequent modules. This includes the energy density and pressure of all matter
species, including the Horndeski scalar field, as well as the α functions (as prescribed by the model chosen by
the user) and all relevant combinations of quantities that enter the coefficients of the perturbation equations
(see section A.2). Whenever these quantities depend on time derivatives (e.g. of the α functions), they are
computed numerically at this stage. For instance eq. (2.9) defines the running of the effective Planck mass.
For parameterisations in which it is the cosmological strength of gravity M2∗ (τ) that is supplied by the
user, αM is obtained through a numerical derivative. On the other hand, whenever αM is supplied by the
user, M2∗ is obtained by the background module using numerical integration, requiring an input of an initial
value of M2∗ ; this procedure gives the appropriate value of the cosmological strength of gravity today M2∗,0
as a derived quantity. We note, however, that with the choice of definition for ρDE and pDE , eqs (2.7-2.8),
M2∗ has no effect on background evolution since it can always be reabsorbed into an appropriate rescaling
of both the Hubble constant H0 and the physical energy densities of all the components of the Universe. It
is only when perturbations are considered that it plays a role.
The code then moves on to evaluate the stability conditions given in section (2.3). This allows us to
check if the particular background requested by the user is stable and consistent for the particular model
of gravity chosen. If any of the conditions fails to be satisfied, the code interrupts execution and returns
an error. If running on an MCMC, the sampler assigns a negligible likelihood to the parameters, indicating
that the model is incompatible with data, and moves on to try different values. The user has the freedom
to override this consistency check by setting alternative thresholds for each of the stability conditions (2.12-
2.15) or skip this test altogether. Note that M2∗,0 enters the stability conditions and is as of this point a
physically meaningful quantity.
The perturbations module runs over the chosen range of scales k, solving the modified equations for
the metric (A.1) and scalar-field in the synchronous gauge (c.f. appendix A.2). Numerical integrations are
performed for the metric potential η through the first-order equation (A.15) and the scalar field eq. (A.18),
while other quantities are determined algebraically from the remaining gravitational eqs (A.14,A.16,A.17).
The effect of universally coupled Horndeski models is to modify just the gravitational sector. The effect on
the dynamics of the matter components is solely through the modification of the gravitational potentials and
thus the matter perturbations are evolved using the perturbed continuity/Euler equations or the Boltzmann
hierarchy as appropriate, with no changes to the methods implemented in CLASS.
The initial conditions for all components are set in an early epoch that is both in the radiation era and
guarantees that the scale in question is super-horizon, i.e. kτ  1 (see ref. [3] for details). hi_class by
default allows for two possible initial conditions, as described in section 2.4. As mentioned above, we have
checked that the choice of initial conditions does not affect the predictions whenever the α functions are
negligible at early times.
For full consistency, we also modify the evolution of the tensor modes according to eq. (A.13). This
does not significantly affect observables unless there is a significant primordial amplitude of tensor modes
[80].
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hi_class retains the full dynamics across cosmic history and does not invoke any further simplifications
to solve the linear-perturbation equations. However, for some models, the computation of the evolution of the
scalar field value can slow down considerably when the α functions are small and a hierarchy exists between
them (in particular when αK  α2B). This can happen for some models, typically at early times, and can
make computations unfeasible as part of an MCMC chain. Such an issue is typically caused by a very large
effective mass term for the mode in the equation of motion for the scalar-field perturbation, leading to very
rapid oscillations in the solution, which the integrator attempts to track. Writing the equation of motion for
the scalar (A.18) schematically,
V ′′X + νaHV ′X +
(
a2µ2 + c2sk2
)
VX = S , (3.2)
the physical origin of such a problem can be two-fold: either the speed of sound (2.13) is very high (extremely
superluminal), c2s  1 , so that modes which are outside of the cosmological horizon at early times nonetheless
are inside the sound horizon and oscillating. This is probably an undesired feature for the model. Or: the
mass of the scalar field is very high initially, µ H. In such a case, scales with aµ > csk are outside of the
Compton length of the scalar and the scalar perturbation VX is negligible. Such a scenario is typical, for
example, in f(R) models which always have αK = 0.
To accelerate the computation in these cases, we have introduced a user-defined parameter which
regularises the kinetic term of the scalar field by adding a small constant value to the kineticity, αtotK (τ) =
αK(τ) + αregK . This artificially reduces the sound speed and mass at early times, leading the scalar-field to
behave similarly to a dust component. Depending on the model, this might alter the configuration of the
scalar during recombination sufficiently to have an effect on the predictions. However, we have tested that
changing the value of αregK does not significantly affect the results. We leave it to the user to test what
maximal value for αregK can be used for their chosen model and parameter range of interest without biasing
the predictions. The next version of hi_class will incorporate suitable approximation schemes to avoid the
necessity of kineticity regularization.
The output of the perturbations module consists of source functions dependent on time τ and scale
k that store information (i.e. solutions of the perturbed variables and combinations thereof). This data is
stored in memory and then used in subsequent modules to compute the observables. The CLASS code has
been designed to avoid duplicated equations or implicit assumptions in latter parts of the code. This implies
that the Friedmann equation appears only at one point in the background module, and similarly for the
(modified) Einstein equations in the perturbations module. These are the only places where the dynamics
of modified gravity enter, and there are essentially no changes in any subsequent module. Note however
that certain options in CLASS might still be inconsistent with the modified-gravity dynamics in general.
For example Halofit corrections to the matter power spectrum at small scales are calibrated from ΛCDM
numerical simulations and are not necessarily meaningful in models departing from concordance.
3.2 Available Models
In this first public release of hi_class, we have only enabled a limited number of models. For the initial
roll-out, we have focused on the EFT-like parameterisations, leaving models specified through full covariant
actions for the next release. Moreover, the current implementation is limited to flat spatial sections for the
cosmological background, Ωk = 0.
The user chooses the model using the initialization file hi_class.ini. This or a similar file is read in
by the input module, which sets up the relevant variables and performs the appropriate tests.5 The user
needs to specify the DE density and pressure and the four α functions. In general, they can be functions of
any of the background quantities (e.g. H, a, τ , etc.).
For the background energy density for the Horndeski scalar we have enabled two choices in this first
version of hi_class (see table 1a):
5See the hi_class.ini file included with the code for a detailed description of the available user options. The hi_class wiki
contains extended and up-to-date information (https://github.com/miguelzuma/hi_class_public/wiki).
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1. lcdm: the DE has constant energy density determined by the parameter ΩDE,0 derived from the closure
relation (3.1).
2. wowa: evolving equation of state with parameters (ΩDE,0, w0, wa) [81, 82] with the constraint that the
density fraction today satisfies the closure relation (3.1).
These are sufficient to fully evolve the cosmological background. The user must then specify a paramet-
erisation for the α functions needed to calculate the evolution of perturbations on this background. At this
juncture we are enabling four parameterisations for the α functions (see table 1b):
1. propto_omega: the α functions are proportional to the density fraction of dark energy, ΩDE
2. propto_scale: the α functions are proportional to the scale factor
3. planck_linear: k-essence conformally coupled to gravity studied by Planck [83]
4. planck_exponential: alternative k-essence conformally coupled to gravity studied by Planck [83]
All these parameterisations have αi → 0 at early times, consistent with the expectation that gravity would
not be modified during eras when the dark energy does not provide a significant contribution to the energy
density of the Universe.
We have also implemented two models which were studied by the Planck team [83], planck_linear and
planck_exponential, to provide a possibility of easy comparison with published constraints. Both these
models are specified through a single function of time Ω (τ) affecting three of the α functions:
αK = 3(ρDE+pDE)H2 +
3Ω(ρm+pm)
H2(1+Ω) − Ω
′′−2aHΩ′
a2H2(1+Ω)
αM = Ω
′
aH(1+Ω)
αB = −αM
αT = 0 .
(3.3)
The difference between the “linear” and the “exponential” models is just the parameterisation for Ω(τ) (see
table 1b).
3.3 Examples
In Figs. 2, 3 and 4 we show some illustrative plots of the CMB temperature power spectrum (left panels)
and the matter power spectrum calculated at redshift z = 0 (right panels). In all these plots we have
fixed the standard cosmological parameters to Planck-best-fit values [84] and we vary only the DE/MG
parameters. They have been created using the lcdm parametrization for the background expansion history
and propto_omega for the time evolution of the α functions. Constraints using this parametrization and
recent data have been obtained in ref. [8]. Here the authors also show that variations of the kineticity have
a negligible effect on this background. We thus fix αˆK = 1 and explore the remaining α functions.
In particular, in Fig. 2 we fix αˆK = 1, αˆM = αˆT = 0 and we vary αˆB. With these restrictions, negative
values of αˆB are not allowed by the stability conditions, Eqs. (2.12-2.15). It is possible to note that the relative
difference between DE/MG models and the fiducial ΛCDM is large at small scales, i.e. low-`’s and small k.
In particular, the amplitude of the matter power spectrum is suppressed on these scales. However, αˆB has
also a non-negligible effect at large k, i.e. k & 10−2, where we can see the opposite effect, i.e. the amplitude
of the matter power spectrum is enhanced as αˆB increases. This results from the scalar field communicating
an extra force and increasing the attractive interaction between perturbations at small scales [54]. Note that
increasing αˆB pushes the low-` CMB to lower values, but then becomes rapidly larger than in the standard
case. This is because the braiding tends reduce the Integrated Sachs-Wolfe (ISW) and even make it negative
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Parameterisations of Background
expansion_model_smg Expansion Notes
lcdm ρDE = ΩDE,0H20 CC-like
w0wa ρDE = ΩDE,0H20a−3(1+w0+wa)e3wa(a−1) Similar to omega_fld
(a) Parameterisations for dark energy density enabled in the first version of hi_class.
Parameterisations of Gravity
gravity_model_smg αK αB αM αT Additional Params.
propto_omega αi = αˆiΩDE(τ) M2∗,ini
propto_scale αi = αˆia(τ) M2∗,ini
planck_linear Eq. (3.3) with Ω = Ω0a (τ) M2∗,ini
planck_exponential Eq. (3.3) with Ω = exp
[
αM0
β a
β (τ)
]
− 1 M2∗,ini
(b) Parameterisations of the α functions enabled in the first version of hi_class,
Table 1: Summary of models enabled in the first version of hi_class. For further details read the
hi_class.ini file or visit https://github.com/miguelzuma/hi_class_public/wiki.
[9]. The initial decrease in the CMB spectrum is due to this initial reduction, while the subsequent increase
for αˆB & 1.5 is due to the positive definite (ISW)2 contribution.
In Fig. 3 we fix αˆK = 1, αˆB = αˆT = 0 and we vary αˆM, setting M2∗,ini = 1 initially. In this case negative
values of αˆM lead to gradient instabilities. Then, assuming positive values of the Planck mass run-rate it is
possible to note that the CMB temperature spectra amplitude are enhanced at low `’s due to the ISW effect,
while for large values of ` there are not substantial differences. An analogous result can be found looking at
the matter power spectrum plots, where at large scales the relative differences between DE/MG models and
ΛCDM appear maximised.
In Fig. 4 we fix αˆK = 1, αˆB = αˆM = 0 and we vary αˆT. Positive values of αˆT are unstable with this
choice of the other parameters, and thus we have explored only the negative region. The effect of the tensor
speed excess on the CMB temperature spectrum and the matter power spectrum is smaller w.r.t. the effects
seen in Figs. 2 and 3 at all scales even for extreme values of αˆT. This indicates that αˆT is expected to
contribute less than the other parameters on CMB and LSS observables. In particular, αˆT by itself has no
effect whatsoever on small scales.
We should also note that we have generated the plots for wDE = −1. In this limit, many terms in
the perturbation equations cancel and therefore the modifications to observables are suppressed. Adding
in a background evolution that departs from ΛCDM can produce a much richer phenomenology. Similarly,
considering simultaneously non-zero values of several α functions can enhance the observed effects and
produce new ones, because of products of α functions appearing in the equations of motion. We emphasize
that the spectra are the result of solving a complex system of differential equations (plus performing line-
of-sight integrals in the case of the CMB) and therefore it is not to be expected for the deviations to be
proportional to the coefficients αˆi. As a result, the posteriors for the αˆi parameters are not expected to be
Gaussian and are thus sensitive to the choice of the fiducial model.
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Figure 2: Effect of the braiding on CMB temperature power spectra (left panel) and the matter power
spectrum at z = 0 (right panel). In the bottom panels we show the relative difference between the DE/MG
models considered and a fiducial ΛCDM. In each model, we fix all the standard cosmological parameters to
some fiducial value. We use the lcdm parametrization for the background expansion history (i.e. wDE = −1)
and propto_omega for the evolution of the alphas. We fix αˆK = 1, αˆM = αˆT = 0 and we vary αˆB in the
stable region.
4 Summary and Outlook
This paper accompanies the launch of the first public version of hi_class, an implementation of Horndeski’s
theory in the Cosmic Linear Anisotropy Solving System. This initial version allows the user to freely specify
parameterisations of the expansion history, as well as the functions that characterise the evolution of the
perturbations at the linear level. The parameterised approach can be used to test gravity in a largely
model-independent manner by directly modifying the fundamental properties of the gravitational degrees
of freedom and calculating the subsequent impact on cosmological observables. Although technically more
involved, this way of working neatly generalises the widely used parameterisations of the equation of state
wDE: just as detecting wDE 6= −1 on the Hubble diagram would be a clear signature of physics beyond
the cosmological constant, any significant data preference for αi 6= 0 would constitute model-independent
evidence for dynamics beyond Einstein gravity.
The formulation of modified gravity as implemented in hi_class ensures that whatever the choice
of parameters is made, there exists a model in the Horndeski class of scalar-tensor theories which would
have exactly such a phenomenology at linear level in perturbations. The phenomenology of any particular
scalar-tensor model of gravity or dark energy (such as quintessence, f(R) or galileons) can be obtained by
choosing particular α functions and background. In this way, hi_class, should be thought of as a unified
code to test all such modifications of gravity for which separate codes exist currently.
The current version of hi_class represents just the first step towards a reliable, fast and flexible tool
to address modifications of gravity on cosmological scales in a self-consistent manner. Further extensions
and improvements to hi_class will be released publicly in the near future and which will include inter alia
approximation schemes to optimise the computational performance, automatic predictions for full covariant
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Figure 3: Same as Figure 2 but for the running of the Planck mass. We fix αˆK = 1, αˆB = αˆT = 0 and we
vary αˆM in the stable region, with M2∗,0 = 1 initially.
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Figure 4: Same as Figure 2 but for the tensor speed excess. We fix αˆK = 1, αˆB = αˆM = 0 and we vary αˆT
in the stable region.
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action-based models and also expand further the range of theories available to test.
The parameterised approach as implemented in the public hi_class currently relies neither on a specific
choice for the action (2.1) nor on the initial conditions for the scalar field at the cosmological background,
but rather is a very general method to test for evidence of non-GR effects in scalar tensor theories. This sort
of study should be complemented by testing models arising from full covariant actions and placing limits on
their parameters. One of the main features of the full version of hi_class currently in development is to
allow the user to directly specify the Horndeski functions Gi in (2.2-2.5), integrate the background scalar
equation given some intial conditions and automatically generate predictions in terms of the parameters that
define the model. Starting with a covariant action-based model offers important advantages compared to
the EFT approach:
1. Background expansion and Self-Consistency. In a particular model, the background and perturbations
are related and controlled by the same parameters. In many Horndeski theories the background departs
considerably from the ΛCDM or wCDM, leading to significantly stronger constraints from the outset
(e.g. in galileons [85]). Moreover, certain time dependences and values of the α functions might require
very fine tuned parameters, even when very general Lagrangians are considered (e.g. as in quintessence
[86], also see [87]).
2. Cosmology beyond linear order. Extending the EFT approach to general models beyond linear order
introduces a severely expanded set of functions at each order and rapidly spoils the economy possible
in the linear description. When considering the Horndeski class of theories, this issue does not arise,
since the structure of the theory is fixed and further relations are available in terms of the Gi functions
[88]. In principle, the results of the linear predictions of hi_class can also be connected to the limit of
very non-linear structure formation, e.g. through N-body simulations for specific models (e.g. galileons
[89]) including understanding the effects of the particular screening built into the model.
3. Relation to other regimes. When working with a specified model, it becomes possible to link constraints
from cosmology to tests of gravity in any other regime. This includes not only Solar-System tests, but
also generation of gravitational waves, compact objects and other astrophysical tests [90] as well as,
potentially, laboratory and collider experiments to connect tests of gravity on a broad range of scales
[91]. Moreover, starting with a specific action allows one to understand the theoretical limits on
the model, e.g. to compute the strong-coupling scale and to understand the range of validity of this
description. Finally, it might even be possible to find connections with scenarios in fundamental physics
such as extra dimensions and quantum gravity.
For these reasons, one should continue to test models defined through a covariant action which would connect
predictions in various regimes. Nonetheless, the parameterised EFT allows for an exploration of the data
for effects arising in a possibly wider set of models which remain consistent with the underlying symmetries
assumed in cosmology but do not fit into the Horndeski scheme. The ultimate design goal of hi_class is to
achieve full generality as a tool to test gravity with cosmological data. To this end future releases of hi_class
will transcend the scope of Horndeski’s theory and include the full EFT of DE and its generalizations [92, 93].
hi_class solves the full dynamical equations consistently across all cosmic epochs and scales, relying
only on the validity of the linear description, but not making use of the so-called quasi-static approximation.
A future design goal is to implement the QS approximation in hi_class in a controlled manner, not as a
means to simplify the results, but rather as a tool to speed up the computations on scales and epochs in
which these dynamical effects are below the desired precision. Future releases will also extend the choice of
initial conditions for the scalar field, allowing for an exploration of models that lie beyond the usual scope
of late time acceleration, including those featuring modifications of gravity in early epochs and connecting
directly with inflationary physics.
In parallel, we are enhancing the code to compute observables beyond the linear regime, including
higher-order effects [7] and improved perturbation-theory schemes suitably adapted to theories of gravity
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beyond Einstein’s general relativity. These improvements will aim at making hi_class into modern tool
able to match the requirements of the upcoming era of precision cosmology, helping the future generation of
large LSS surveys to unveil the mysteries of the dark universe and shed light on the nature of gravity.
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A Equations and notation
In this section, we list all the equations used in hi_class, both at the background and at the perturbation
level. It is important to note that the notation of CLASS is slightly different than the notation of ref. [54].
The matter densities are redefined in such a way that the Friedmann constraint is written as H2 =
∑
i
ρi.
In addition, it should be noted that all the variables are expressed in conformal time τ (a prime denotes
derivative w.r.t. conformal time), while the Hubble parameter is the physical one, i.e. a′ = a2H.
The line element in synchronous gauge up to first order in perturbation theory reads [94]
ds2 = a2
[−dτ2 + (δij + h˜ij) dxidxj] , (A.1)
where in Fourier space
h˜ij
(
τ,~k
)
= kˆikˆjh+ 6
(
kˆikˆj − 13δij
)
η + hij . (A.2)
Here h and η are scalar perturbations and hij is the tensor perturbation. Sometimes in the code it is used
the perturbation ξ
(
τ,~k
)
, which is related to h and η through6
ξ = h
′ + 6η′
2k2 . (A.3)
6Note that in ref. [94] our ξ is named α. We modified the notation to avoid confusion with the α functions of modified
gravity.
– 17 –
A.1 Background
hi_class makes the choice of units such that the Friedmann equations read
H2 =ρm + ρDE (A.4)
H ′ =− 32a (ρm + pm + ρDE + pDE) , (A.5)
where ρm and pm are the energy density and pressure of the total matter content of the universe (except
dark energy), while ρDE and pDE are the energy density and pressure of the scalar field
ρDE ≡− 13G2 +
2
3X (G2X −G3φ)−
2H3φ′X
3a (7G5X + 4XG5XX) (A.6)
+H2
[
1− (1− αB)M2∗ − 4X (G4X −G5φ)− 4X2 (2G4XX −G5φX)
]
pDE ≡13G2 −
2
3X (G3φ − 2G4φφ) +
4Hφ′
3a (G4φ − 2XG4φX +XG5φφ)−
(φ′′ − aHφ′)
3φ′a HM
2
∗αB (A.7)
− 43H
2X2G5φX −
(
H2 + 2H
′
3a
)(
1−M2∗
)
+ 2H
3φ′XG5X
3a ,
(note that both eqs (A.6) and (A.7) contain αB, defined in eq. (A.33)).
The manner in which we treat M2∗ here is different than in ref. [54]. This allows us to ensure the usual
conservation equations, both for the scalar field and the matter,
ρ′DE + 3aH (ρDE + pDE) = 0 , (A.8)
ρ′m + 3aH(ρm + pm) = 0 .
which replicates the meaning of the usual parameterisation of wDE as a description of the expansion history
and thus is much simpler to communicate. On the other hand, we note that an observer comoving with the
cosmological background in the past would not be aware of the evolving strength of gravity. Thus if a local
measurement of the energy density and pressure were possible and performed, the observer would rather see
the quantities with ~,
ρ˜m =
3ρm
M2∗
, (A.9)
p˜m =
3pm
M2∗
, (A.10)
E˜ =3ρDE
M2∗
+ 3H2
(
M2∗ − 1
)
M2∗
, (A.11)
P˜ =3pDE
M2∗
−
(
3H2 + 2H
′
a
) (
M2∗ − 1
)
M2∗
, (A.12)
as defined in [54] and thus would have measured a different equation of state.
A.2 Linear perturbations in Synchronous Gauge
At linear order in perturbation theory, CLASS has the possibility to solve the evolution of the perturbations in
both Newtonian and synchronous gauges. The present version of hi_class implements only the synchronous
gauge option.
First, the Horndeski class of models modifies the propagation of gravitational waves hij (tensors). This
has been taken into account in hi_class through the dynamical equation
– 18 –
h′′ij + (2 + αM) aHh′ij + (1 + αT) k2hij =
σmij
M2∗
, (A.13)
where σmij represents the source for the tensor modes arising from the matter.
The scalar sector is described through the perturbations of the metric tensor (η, h, ξ) (see eq. (A.1)),
the scalar field perturbation VX (defined in eq. (2.16)), and the perturbations of the matter density, velocity,
pressure and anisotropic stress, (δρm, θm, δpm, σm) respectively. The Einstein equations are
• Einstein (0,0)
h′ = 4k
2η
aH (2− αB) +
6aδρm
HM2∗ (2− αB)
− 2aH
(
αK + 3αB
2− αB
)
V ′X
− 2
[
3aH ′ +
(
αK + 3αB
2− αB
)
a2H2 + 9a
2
M2∗
(
ρm + pm
2− αB
)
+ αBk
2
2− αB
]
VX (A.14)
• Einstein (0,i)
η′ = 3a
2θm
2k2M2∗
+ aH2 αBV
′
X +
[
aH ′ + a
2H2
2 αB +
3a2
2M2∗
(ρm + pm)
]
VX (A.15)
• Einstein (i,j) trace
Dh′′ =2λ1k2η + 2aHλ3h′ − 9a
2αKδpm
M2∗
+ 3a2H2λ4V ′X + 2a3H3
[
3λ6 +
λ5k
2
a2H2
]
VX (A.16)
• Einstein (i,j) traceless
ξ′ = (1 + αT) η − aH (2 + αM) ξ + aH (αM − αT)VX − 9a
2σm
2M2∗k2
. (A.17)
In addition to the Einstein equations, the full system includes an equation for the evolution of the scalar
field perturbations, i.e.
D (2− αB)V ′′X + 8aHλ7V ′X + 2a2H2
[
c2sNk
2
a2H2
− 4λ8
]
VX =
2c2sN
aH
k2η (A.18)
+ 3a2HM2∗
[2λ2δρm − 3αB (2− αB) δpm] .
The definition of all these functions is
D =αK +
3
2α
2
B (A.19)
λ1 =αK (1 + αT)− 3αB (αM − αT) (A.20)
λ2 =− 3 (ρm + pm)
H2M2∗
− (2− αB) H
′
aH2
+ α
′
B
aH
(A.21)
λ3 =− 12 (2 + αM)D −
3
4αBλ2 (A.22)
λ4 =αKλ2 − 2αKα
′
B − αBα′K
aH
(A.23)
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λ5 =
3
2α
2
B (1 + αT) + (D + 3αB) (αM − αT) +
3
2αBλ2 (A.24)
λ6 =
(
1− 3αBH
′
αKaH2
)
αKλ2
2 −
DH ′
aH2
[
2 + αM +
H ′′
aHH ′
]
− 2αKα
′
B − αBα′K
2aH −
3αKp′m
2aH3M2∗
(A.25)
λ7 =
D
8 (2− αB)
[
4 + αM +
2H ′
aH2
+ D
′
aHD
]
+ D8 λ2 (A.26)
λ8 =− λ28
(
D − 3λ2 + 3α
′
B
aH
)
+ 18 (2− αB)
[
(3λ2 −D) H
′
aH2
− 9αBp
′
m
2aH3M2∗
]
(A.27)
− D8 (2− αB)
[
4 + αM +
2H ′
aH2
+ D
′
aHD
]
c2sN =λ2 +
1
2 (2− αB) [αB (1 + αT) + 2 (αM − αT)] . (A.28)
Here c2sN is the numerator of the sound speed of the additional degree of freedom, which is
c2s =
c2sN
D
. (A.29)
A.3 α Functions
The time dependence of the α functions introduced in sec. 2.2 is uniquely specified for any particular
Horndeski Lagrangian when taken together with the background initial conditions. The relation between αi
and the Horndeski functions Gi (φ,X) is given by
M2∗ ≡2
(
G4 − 2XG4X − Hφ
′XG5X
a
+XG5φ
)
(A.30)
αM ≡d lnM
2
∗
d ln a (A.31)
H2M2∗αK ≡2X (G2X + 2XG2XX − 2G3φ − 2XG3φX) (A.32)
+ 12Hφ
′X
a
(G3X +XG3XX − 3G4φX − 2XG4φXX)
+ 12H2X
[
G4X −G5φ +X (8G4XX − 5G5φX) + 2X2 (2G4XXX −G5φXX)
]
+ 4H
3φ′X
a
(
3G5X + 7XG5XX + 2X2G5XXX
)
HM2∗αB ≡
2φ′
a
(XG3X −G4φ − 2XG4φX) + 8HX (G4X + 2XG4XX −G5φ −XG5φX) (A.33)
+ 2H
2φ′X
a
(3G5X + 2XG5XX)
M2∗αT ≡4X (G4X −G5φ)−
2
a2
(φ′′ − 2aHφ′)XG5X . (A.34)
and φ,X and H are evaluated on their background solution to give the particular time-dependence of the α
functions for that solution.
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